In relativistic ion collisions there are excellent opportunities to produce and investigate hypernuclei. We have systematically studied the formation of hypernuclear spectator residues in peripheral heavy-ion collisions with the transport DCM and UrQMD models. The hyperon capture was calculated within the potential and coalescence approaches. We demonstrate that even at the beam energies around and lower than the threshold for producing Λ hyperons in binary nucleon-nucleon interactions a considerable amount of hypernuclei, including multi-strange ones, can be produced. This is important for preparation of new experiments on hypernuclei in the wide energy range.
I. INTRODUCTION
In nuclear reactions the detailed studies of the three-flavor processes, including u, d and s quarks, will be mandatory to develop fundamental nuclear theories of hadrons and nuclei, as well as the large spectacular cosmic objects like neutron stars. Having a core with supra-nuclear densities and a crust with sub-nuclear densities, these stellar objects merge all aspects of nuclear physics. Baryons with strangeness embedded in the nuclear environment, i.e., hypernuclei, are the only available tool to approach the many-body aspect of the strong interaction at low energies. Hypernuclei are formed when hyperons (Y = Λ, Σ, Ξ, Ω) produced in high-energy interactions are captured by nuclei. They live significantly longer than the typical reaction times, therefore, they can serve as a tool to study the hyperon-nucleon and hyperon-hyperon interactions. The investigation of hypernuclei is a very progressing field of nuclear physics, since it provides complementary methods to improve traditional nuclear methods and open new horizons for studying particle physics and nuclear astrophysics (see, e.g., [1] [2] [3] [4] [5] [6] [7] [8] and references therein).
Recently very encouraging results on hypernuclei come from experiments with relativistic ion collisions. Many experimental collaborations (e.g., STAR at RHIC [9] ; ALICE at LHC [10] ; PANDA [11] , FOPI, HADES, CBM [12, 13] , and HypHI, Super-FRS, R3B at FAIR [14] [15] [16] ; BM@N and MPD at NICA [17] ) have started or plan to investigate hypernuclei and their properties in reactions induced by relativistic hadrons and ions. The limits in isospin space, unstable nuclear states, multiple strange nuclei and precision lifetime measurements are unique topics of these fragmentation reactions.
It is important in this respect to note that the very first experimental observation of a hypernucleus was obtained in the 1950-s in reactions of nuclear multifragmentation induced by cosmic rays [18] . Recently a remarkable progress was made in investigation of the multifragmentation reactions associated with relativistic heavy-ion collisions (see, e.g., [19] [20] [21] [22] and references therein). This gives us an opportunity to apply well known theoretical methods adopted for description of these reactions also for production of hypernuclei [23, 24] .
Specially, we emphasize a possibility to form hypernuclei in the fragmentation processes in peripheral collisions. The insight into mechanisms of such processes will provide access to the EoS of hyper-nuclear matter and explain the phase transition phenomena at low temperature. As already discussed [7, 25] in these reactions one can get a very broad distribution of produced hypernuclei including the exotic ones and with extreme isospin.
This can help to investigate the structure of nuclei by extending the nuclear chart into the strangeness sector [1] [2] [3] [4] . In addition, complex multi-hypernuclear systems incorporating more than two hyperons can be created in such energetic nucleus-nucleus collisions, and this may be the only conceivable method to go even beyond |s|=2.
It was demonstrated in the previous works [26, 27] that the yields of single hypernuclei originating from the spectator residues in peripheral ion collisions will saturate with energies above 3-5 A GeV (in the laboratory frame). Therefore, the accelerators of moderate relativistic energies can be used for the intensive studies of hypernuclei. The subthreshold production of hyperons becomes possible in these reactions down to the energies of ∼1 A GeV. At the laboratory energies of ions around 1-2 A GeV the detection of hypernuclei can become very effective and this give an advantage despite of their smaller yields in comparison with high energy beams. For example, the novel experimental set-ups, like FRS/Super-FRS [16, 28, 29] , can be effectively used for separation of nuclei with energies less than 2 A GeV, that essentially extends opportunities for their investigation. This gives chances to measure many new exotic hypernuclei. The acceptance of other modern detectors, like CBM at GSI/FAIR [13] or STAR at RHIC [9] allows to register particles coming mostly from the kinematic region around midrapidity. Therefore, the decreasing of the beam energy will increase considerably the probability for fragments produced in the target/projectile region to enter the detection domain. Since the formation of large hypernuclei is shifted toward the target/projectile rapidities [27] , this can open possibilities to form novel hypernuclear states. Another research direction is related to producing multi-strange hyper-fragments which may require a higher beam energy. This needs a systematic theoretical investigation of double-and multi-strange fragment yields at least at beam energies up to ∼10 A GeV in order to understand if any saturation phenomenon can be observed. The light multi-strange clusters can be measured with the high precision detectors, for example, by CBM collaboration [13] . The aim of this theoretical work is to investigate the hypernuclei production in detail the region of the beam energies of 1-10 A GeV, including the comparison with available experiments and the parameter dependence of the results, in order to provide the future experiments with reliable predictions of these reactions.
II. MODELS FOR PRODUCTION OF HYPERNUCLEI AT RELATIVISTIC COL-

LISIONS
We recall shortly the mechanisms for producing hypernuclei which were discussed previously: The formation processes of hypernuclei are apparently different in central and peripheral ion collisions. There are indications that in central collisions of very high energy the coalescence mechanism, which assembles light hyper-fragments from the produced hyperons and nucleons (including anti-baryons), is essential [9, 10, 30, 31] . Thermal models suggest also that only the lightest clusters, with mass numbers A < ∼ 4, can be noticeably produced in this way because of the very high temperature of the fireball (T≈160 MeV) [32, 33] . On the other hand, it was claimed long ago that the absorption of hyperons in the spectator regions after peripheral nuclear collisions is a promising way to produce hypernuclei [25, [34] [35] [36] . The special reactions associated with these processes, e.g., the hyper-fission, were under investigation too [37, 38] . An important feature of peripheral collisions is that large pieces of nuclear matter around normal nuclear density at low temperature can be created in contrast to the highly-excited nuclear matter at mid-rapidity. Nucleons from the overlapping parts of the projectile and target (participant zone) interact strongly among themselves and with other hadrons produced in primary and secondary collisions. Nucleons from the non-overlapping parts do not interact intensively, and they form residual nuclear systems, which we call spectator residues. We remind that these residues are formed during first 30-60 fm/c after starting the collision, when energetic hadron-nucleon interactions inside nuclei cease and the remaining nucleons do not escape the nucleus potential [19, 25] .
The nuclear system evolves toward thermalization in this case. It is well established that low excited spectator residues (T < ∼ 5-6 MeV) are produced in such reactions [19] [20] [21] 39] . The production of hyperons is associated with nucleon-nucleon collisions, e.g., p+n→n+Λ+K + , or collisions of secondary mesons with nucleons, e.g., π + +n→ Λ+K + . Strange particles may be produced in the participant zone, however, the particles can re-scatter and undergo secondary interactions. As a result the produced hyperons populate the whole momentum space around the colliding nuclei, including the vicinity of nuclear spectators, and can be captured by the spectator residues. General regularities of the decay of such hyper-residues into hyper-fragments can be investigated with statistical models (e.g., generalized Statistical
Multifragmentation Model SMM [23, 24] ), which were previously applied for description of normal fragments in similar processes with great success [19] [20] [21] [22] .
The theoretical predictions of strangeness and hyperon production in hadron and ion reactions can be performed with various dynamical models employing similar general assumptions on the hadron transport in nuclei but with different methods of solution of the kinetic equations. In addition, the models can also be different (especially at high energy) in the description of elementary hadron-hadron interactions and production of new particles.
Previously we have investigated the model-dependence of the results [25, 27] . At relatively low-energy elementary hadron collisions (less than 1-3 GeV in the laboratory frame) the models use usually some approximations for the reaction channels supported by the analysis of available experimental data. However, at higher energies, where hyperon formation probability is large, theoretical evaluations are mostly used. For example, the Dubna Cascade Model (DCM) [25, 26, 40] involves the quark gluon string model (QGSM). The Ultrarelativistic Quantum Molecular Dynamics (UrQMD) model [41, 42] has adopted the string [43] , however, for simulations including in-medium self-energies of particles. We have shown that at high energy the difference between these models have a moderate influence (within the factor of two) on the yield of hypernuclei, that can be considered as an uncertainty of their prediction [27] . The capture of produced Λ hyperons by nuclear spectator residues can be easily obtained within the potential criterion [25] : It takes place if a hyperon kinetic energy in the rest frame of the residue is lower than the attractive potential energy generated by neighbouring nucleons, i.e., the hyperon potential, which is around 30 MeV in matter at normal nuclear density ρ 0 ≈ 0.15f m −3 . The variation (mostly, decreasing) of the nuclear density is taken into account during the hadron cascade development in nuclei and the hyperon capture potential varies correspondently [25] . The coalescence criterion [33] , which uses the proximity of baryons in momentum and coordinate space, is consistent with the potential one. A generalization of the coalescence model [27] , the coalescence of baryons (CB), can be applied after the dynamical stage described, for example, by DCM, UrQMD, and HSD models. In such a way it is possible to form primary fragments of all sizes, from the lightest nuclei to the heavy residues, including hypernuclei within the same mechanism. We have found previously [27] that the optimal time for applying the coalescence (as the final state interaction) is around 40-50 fm/c after starting the heavy-ion collisions, when the rate of individual inelastic hadron interactions decreases very rapidly. A variation of the time within this interval leads to an uncertainty in the yield around 10% for a fixed coalescence parameter. This is essentially smaller than the uncertainty in the coalescence parameter itself. It is important that the calculations are performed on the event-by-event basis, like the experimental data are obtained. The following break-up of excited primary fragments can be described with the statistical models [23, 26, 44] by using the same Monte-Carlo method, which allows to keep information on each produced particle. The advantage of this hybrid procedure is the possibility to predict the correlations of yields of hypernuclei, including their sizes, with the rapidity, and with other produced particles.
In this paper we concentrate on the transport approaches and the capture of Λ hyperons.
In particular, we show new systematic calculations with DCM and UrQMD models for various target/projectiles at relevant energies, as well as the comparison with available experimental data on strangeness production. We demonstrate also the sensitivity of the hyper-fragment yields to the parametrization of the hyperon production and its capture. We believe that in this way one can realistically estimate the primary hyper-fragments yields that is important for the planning of future experiments.
III. FORMATION OF HYPERONS AND STRANGE PARTICLES
The transport models were used successfully for description of strangeness production (see, e.g., Refs. [25, [45] [46] [47] ). However, there are only few experimental data concerning the hyperon production. Some of them were analyzed in the previous works [25] . In Fig. 1 we show the comparison of DCM with the Λ-hyperon rapidity distributions measured by FOPI (GSI) collaboration for central and semi-central events (the estimated impact parameters are less than 5.5 fm). One can see a rather good agreement, which was obtained when the processes involving secondary interactions of produced particles were included [25, 35] . In the rapidity region of the projectile/spectators, one can note a slight surplus of the hyperons in the calculations. This should be tested with future measurements when the experimental efficiency will be improved at these rapidities. The above projectile energy is still larger than the threshold for Λ production in the nucleon-nucleon collision (E thr ≈ 1.6 A GeV). On the other hand the subthreshold production is possible, because of the Fermi motion of nucleons in colliding nuclei and secondary rescattering processes. In order to verify the calculations at energies lower than E thr we could look at the reaction products which accompany the hyperon production in this case.
In particular, the channels with the K + formation, are dominating here. Therefore, in Fig. 2 and Fig. 3 we analyze the yields of positive kaons at the subthreshold energies. One see a quite reasonable agreement of the DCM transport calculations with the KAOS experimental data on the differential spectra at various angles. We should take into account that namely these spectra are used for the final fit and evaluation of the total kaon yields in the experiments. One can see a slight overestimation of the kaon production in the model under large angles (in the backward direction). However, they are responsible for a small part of the yield. Unfortunately, it was not possible to detect kaons with very low momenta and this leads to an uncertainty in the estimate of the total yield. However, we believe that within the model we can give a reasonable evaluation of the strangeness production in the subthreshold region. It is sufficient for the preparation of experiments on strange particles and fragments, if one can detect such particles (via products of their decay) with the cross An underestimation of the positive kaons of high energy with DCM (Fig. 4) should have a minor effect, and it is just indicating that the number of Λ hyperons, which accompany the kaons, may be even larger. Though at this energy range the kaons were under selective study with other transport models (for example, see [45, 46] and references therein) the mechanism of their formation is still under discussion. We believe that the available direct hyperon distributions, shown here in Fig. 1 and in Ref. [25] , should be analyzed within other models too. As seen from our analysis all kaon spectra can be reasonably described within DCM transport approach and this is a good justification for extending the model predictions to other strange particles. In our opinion it would be useful to perform a cross-comparison of different models on strangeness production around the threshold energy for clarifying the physics behind. Having in mind that controlling verifications of the transport codes are still necessary, we think we can afford a reasonable estimate of the hyper-fragment yields with the determination of the yield uncertainty also. In this case the effect of the hyperon capture by nucleons and clusters can be evaluated with help of additional model parameters. σ/dp 
IV. PRODUCTION OF HYPER-RESIDUES
It was discussed that the hyperon capture can be described by both the potential and the coalescence approach [25, 27] . The coalescence is very popular and it exists on the market in different modifications, see, for example, its application for the hyperon capture within other transport approaches [36, 52, 53] . The connection of the potential and coalescence capture conceptions was demonstrated previously. In particular, the momentum distribution of the hyperon captured in the nuclear potential well reminds a step-like function, see Fig. 10 in Ref. [25] . This can be approximated with the coalescent capture of hyperons if their momenta (or velocities) relative to other nucleons less than a certain value. It is important to compare the capture probability within the two approaches. Our understanding is that this capture is a fast process, which happens during the time around few tens fm/c from the beginning of the reaction. As a result, the most produced hyper-clusters should be excited from low excitations up to few MeV per nucleons. They will decay afterwards during a very prolonged time (∼ 10 2 − 10 4 fm/c). It is well known that the secondary decay involves many-particle correlations which are usually not included in transport models. Such decay processes were already under examination [7, 23, 44] with the statistical models. We plan to pursue it in the forthcoming papers because these processes are universal and can take place not only in ion reactions. Below we demonstrate in detail the results concerning the hot primary hyper-residues' production, obtained within DCM and UrQMD+CB approaches.
In Figs. 6, 7, and 8 we show the yields of spectator residues after the capture of 1, 2, and 3 Λ hyperons. The collisions of light, medium, and heavy nuclei were considered in the large range of the projectile energies. The DCM calculations were performed with the potential capture criterion. The yields are presented in millibarns for the future convenient comparisons with experiments. Some curves are scaled with the factors shown in brackets on the figures. As was previously reported there is a trend of the yield's saturation at high energy [26] . The present calculations with large statistics demonstrate that this saturation trend can be still partly valid for double and even triple hyper-residues if the energy is well above the threshold. This confirms that the energies of ∼10 A GeV are already sufficient for producing multi-strange hypernuclei. We have also investigated the influence of the hyperon capture potential on the hyper-fragment formation. Its formal decreasing from 30 to 15 MeV (for normal nuclear matter), which we consider as a maximum reasonable variation, leads to decreasing the hyper-residue yields by around 20% only. The reason is that the hyperonnucleon cross-section increases very much at low energy, as assumed in the parametrization adopted in Ref. [25] . Since the nuclear matter is moderately diluted after the cascade of first fast particles the low-energy interactions with remaining nucleons become more probable.
Therefore, as a result of these secondary interactions the Λ hyperon energy decreases very fastly in this energy domain and this looks as thermalization.
The production of hypernuclei around the threshold energy is instructive since it is sensitive to the properties of particles inside the nuclear matter of colliding nuclei, including the nucleon correlations. It is also practical since it can facilitate the experimental identification of hypernuclei, as we have mentioned in Introduction. To verify the predictions of the transport approaches at these energies we have also performed UrQMD calculations with a large statistics for lead on lead collisions at the energies of 1, 1.5 and 2.0 A GeV.
With this model we can use the coalescence capture criterion and estimate the influence of various coalescence parameters. The procedure was described in detail in our previous work [27] and concerns both the relative coordinates and velocities between the coalescent nucleons. In particular, the velocity coalescence parameter v c ≈ 0.1 should correspond to the formation of lightest clusters in the ground states. While the parameter v c ≈ 0.22, encloses the nucleons with velocities close to the Fermi motion in nuclei. This large parameter is also consistent with the momenta of hyperons absorbed by big spectators [25] , therefore, it should be more realistic to describe the formation of larger nuclei which are expected for the target and projectile residues.
As a result, the UrQMD+CB calculations for v c = 0.22 predict the following cross-sections At high energy, as was discussed in the previous works [25, 27] , the deviations in predictions of transport models are not more than the factor two.
We have analyzed that by increasing the coalescence parameters one may try to simulate the effect of the spectator nucleon density fluctuations within the coalescence picture and increase the capture effectively. However, the main discrepancy between the models comes from the difference in the hyperon production: The yield of hyperons integrated over all impact parameters in DCM is nearly 4 times larger than in UrQMD for Pb + Pb collisions at 1 A GeV. This discrepancy comes from the different parametrizations for strangeness production and particle rescattering at low energy. It depends also on the effective masses and potentials of particles in medium. The Fermi motion of nucleons may allow for high momentum components, that is very important in subthreshold reactions. All these phe-nomena, which are not very crucial at very high energy, are treated in the models in different ways. The lack of the experimental data on low energy particles in subthreshold heavy-ion collisions is the main obstacle for the adequate adjustment of the models. However, we think that the presented results on the production of hypernuclei in the subthreshold region is a reasonable guide-line for their future experimental studies. Moreover, we believe that the experimental determination of the yields of spectator heavy hypernuclei, for example, by measuring remnants of the hyper-fission, may provide additional opportunities for the better description of the strangeness mechanisms inside nuclear matter at such low energies.
This can also put the important constraint on interaction of hyperons in medium, since slow hyperons can be captured by the residues.
It is especially instructive that the excitation functions for multi-strange hypernuclear residues (figs. 6-8) have the same saturation-like behavior. The probability for the formation of residues with one additional captured hyperon decreases by two order of magnitude in the collisions of heavy nuclei. This difference increases up to four order of magnitude for the very light nuclei. Actually, our predicted yields of the hyper-residues may be parameterized in the wide mass range (from carbon to lead) and used for preparing the corresponding measurements. The reason of the decreasing of the hyper-residues yields for smaller colliding nuclei is just that less hyperons are produced in the collision events. Still these cross sections are sufficient for the systematic investigation of hypernuclei. Moreover, in some cases the light colliding nuclei have advantages: The background conditions are better for experimental identification of hypernuclei, and their mesonic decay channels gives a chance to use the invariant mass methods well established in hypernuclei studies [14] . In relativistic ion reactions these correlations were investigated theoretically too (Ref. [26] ). Therefore, the first experiments may take place on light nuclei [16] . One can see that in the case of carbon collisions ( fig. 8 ) at the beam energy around 2 A GeV even double light hyper-residues can be produced with the cross-section approximately ∼1 nanonbarn. Taking into account the high intensities of future accelerators (e.g., the planned rate is nearly 10 12 per second for the FAIR beam [29] ) it is sufficient for starting a rich hypernuclear program.
It is also instructive to understand within the transport models how the variation of the hyperon production parameters can be seen in the production of hyper-residues. In fig. 9 we show the prediction of the Λ hyperon yields by using different parametrizations inside DCM: The solid line is the standard assumption on the transition from the well-known low-energy regime to the high energy elementary interactions described within the QGSM [40] . The dashed line presents another procedure for fitting these two limits. We note that up to now there are no sufficient experimental data available for comparison to make there is a special correlation between a residue masses and the excitations [19, 20, 22, 54] which results in an universal fragmentation picture. The hyper-residue masses have been demonstrated in our previous works, see, e.g., fig. 7 in Ref. [25] and fig. 2 in Ref. [27] : They range from the small mass numbers to the ones close to the target and projectile. This allows for investigating a very broad distribution of hypernuclei (in mass and isospin) in the same collisions. The connection between masses and excitations obtained in the DCM calculations, for the first time, is shown in Fig. 11 . One can see that by increasing the collision violence the more nucleons are lost and the more excitation energy is deposited per nucleons. However, there is a saturation trend for the excitation, so the excitation energies which exceed essentially the nuclear binding energies are not realized in thermalized residues. We have checked that in our calculations this trend is fully consistent with the previous analysis of experimental data and it remains valid for collisions in the wide range of relativistic energies available at GSI/FAIR and other accelerators. Actually, such excited residual nuclei will decay in the fast multifragmentation/break-up and/or sequential evaporation/fission processes leading to cold hyper-and normal nuclei [19, 23, 26] . In the case of such de-excitation the captured hyperons will be predominantly concentrated in the biggest final fragments because of the considerable hyperon binding energy, see Ref. [7] .
As the last step, for identification of hypernuclei, the correlation measurements (of pions, baryons and fragments) are the most promising tool for future research in this field [9, 10, 14, 26, 37, 38] . Besides identifying hypermatter, the correlations can reveal the hypernuclei properties. For example, by detecting the momenta of the decay products one can find the life-time of the hypernuclei and their binding energies. By analyzing the decay of free Λ hyperons and hypernuclei in the same events one can investigate the unbound hyperon states in double hypernuclei. It is crucial for constraining the hyperon interaction in matter and determining the properties of hypermatter at low temperatures.
V. CONCLUSION
We conclude that the spectator region in relativistic collisions of hadron and ion with ions can be a very promising source of hyper-fragments. We point that the general mechanism of such reactions leading to fragmentation and multifragmentation is well established for normal nuclear processes. Hyperons are also participating in such a process because the hyperon-nucleon interaction is of the same order as the nucleon-nucleon one. The primary produced hypermatter is relatively cold (the expected temperature of the spectator residues is not higher than T∼5-7 MeV), therefore, large hypernuclei can be produced in comparison with the central collisions. A great variety of hypernuclei of all masses and in a wide range of isospin can be formed, that is similar to the phenomena existing in normal nuclei. Systematic investigations of strange and, especially, multi-strange hypernuclei can be naturally performed in these reactions. We have demonstrated the quantitative estimates for the yields of such primary hyperfragments. The calculations are partly confirmed by a rather good description of experimental data available on the strangeness production. We have also investigated the theoretical uncertainties of the predictions by considering the variations of the model parameters, and different transport models. As we have found these uncertainties can be related to the treatment of the strange particle interaction in medium at low energy, and this opens an complementary way for experimental investigation of such processes. From the current experiments we know that the values of the hypernuclei yields obtained within our approach are sufficient for the systematic experimental measurements.
Moreover, our predictions of the yields can be naturally extended for the whole mass and energy range available for targets/projectiles in future experiments. The saturation of the hypernuclei production at high laboratory energies indicate that high intensities of the accelerators and a more sophisticated detection technique are more important for this purpose than the ultra-high colliding energies.
In this respect it is encouraging that the residues of ions and their decay products with energies from 1-2 A GeV (i.e., around the hypernuclear threshold) and up to 10-15 A GeV can be effectively studied with the modern experimental installations, like FRS/Super-FRS and CBM at GSI and FAIR. These experiments are in preparation. New exotic hypernuclei can be investigated in such reactions, and new methods of their determination (e.g., by using many-particle correlations) can be applied, which may give advantages over the traditional hypernuclear studies.
